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Dynamics of the Open BCS Model
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The dynamics of the strong coupling BCS model, considered as an open
system interacting with a thermal bath, is solved rigorously and explicitly
in the weak coupling limit and in the infinite-volume limit. The BCS sys-
tem goes from the normal phase to the ordered phase by bifurcation.
Fluctuations around trajectories of intensive observables are Gaussian
and Markovian. Thermodynamic phases are global attractors in the physical
domain. Structural stability is discussed. The model provides an example
of a nonequilibrium statistical mechanical system with phase transition
whose irreversible macroscopic dynamics can be calculated exactly from
the underlying Hamiltonian quantum mechanics.
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1. INTRODUCTION

Some progress has been made in recent years in establishing a precise link
between microscopic dynamical laws and the thermodynamics of irreversible
processes. In appropriate limiting situations, master and transport equations
can be obtained in a mathematically controlled way from the underlying
Hamiltonian mechanics. We have, for instance, a derivation of the master
equation®? and of a quantum transport equation®* in the weak coupling
limit (van Hove limit), a treatment of the laser in the singular coupling
limit,®'® and, for classical systems, the Boltzmann equation in the Grad
limit and the Vlasov equation in the mean field limit.® In this work, we
study another example of a dissipative system, the open BCS model, whose
dynamics originates rigorously from Hamiltonian quantum mechanics in
the weak coupling limit. (For a simpler system, the open Ising model, see
Ref. 9 and further developments in Ref. 10).
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How to formulate a precise microscopic theory without the recourse to
such limiting procedures is certainly a fundamental problem, which involves
not only technical, but also conceptual difficulties. However, it is worth to
explore the weak coupling limit situation thoroughly, for the following
reason: it provides a microscopic justification for many of the features of
the thermodynamics of irreversible processes (for a review see Ref. 11).
Moreover, since there does not exist a general prescription (analogous to the
Gibbs prescription in the theory of equilibrium) for computing the non-
equilibrium behavior of macroscopic systems, we have to rely on the
Liouville~von Neumann equation of motion as a last resort. It is therefore
of interest to investigate as fully as possible models for which a link without
mathematical gap can be established with the microscopic mechanics.

We consider here the strong coupling version of the BCS model as an
open system coupled with an external agency. This external agency is re-
sponsible for two basic mechanisms: the creation or destruction of electron
pairs and the scattering of pairs. The first mechanism, which is not gauge
invariant, causes a variation of the number of pairs. As a result, the number
of pairs and the order parameter obey a coupled set of equations of motion.
The scattering of pairs, which is a gauge-invariant interaction, affects only
the evolution of the order parameter. We have chosen to treat here the first
case as being most illustrative and leading to the richest dynamical structure.
Of course, many variations of the model can be worked out with analogous
results.

In Section 2, we give the free dynamics of the BCS model in a closed
form, which becomes exact in the infinite-volume limit. Although the dy-
namics of the strong coupling BCS model has been extensively studied,*#1%
to our knowledge this explicit form has not appeared in the literature. A
solution of this dynamical problem valid in a large class of nonequilibrium
states is a necessary preliminary to the study of the open system. We specify
in Section 3 the external system and its interaction with the BCS model:
it is a quasi-free thermal bath essentially characterized by the KMS relation.
After a brief review of the framework of the weak coupling limit, we estab-
lish the equations of motion of the relevant intensive observables in the
infinite-volume limit. The number of pairs and the gap parameter obey a
two-dimensional autonomous differential system. It is interesting to note
that the simple quadratic nonlinearity of the free BCS Hamiltonian produces
a highly nonlinear set of equations of motion for the open system.

Section 4 is devoted to the study of the corresponding flow of intensive
observables. A global analysis is made possible by the fact that the free
energy is a Liapunov function of our differential system. It is shown that
above the critical temperature the normal phase is a global attractor in the
physical domain. At the critical temperature, there is a bifurcation, the
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normal phase becoming unstable. Below the critical temperature the super-
conducting phase becomes an attractor for all initial conditions that do not
belong to the (unstable) manifold where the gap parameter vanishes. We
show that the concept of structural stability is relevant in this context?:
Our dynamical system is structurally stable if its only equilibria are the
thermodynamic ones. In this sense, the qualitative aspects of trajectories
are independent of the detailed features of the coupling functions with the
bath. Structural stability is lost as soon as there exists accidental equilibria
due to a peculiarity of the coupling with the bath. Finally, we examine how
the symmetry breaking of gauge invariance occurs dynamically, by the
study of the complex order parameter. In the case of a non-gauge-invariant
interaction with the bath, the two-dimensional order parameter undergoes
a Hopf bifurcation, and it moves asymptotically on an attracting orbit
constituted by the set of extremal equilibrium states.

The dynamical description is completed in Section 5 by the study of the
behavior of fluctuation observables. The main result is that the generator of
the evolution of the probability distribution for fluctuation observables
converges in the infinite-volume limit to a Fokker-Planck-type generator.
The associated Fokker-Planck equation is exactly that which corresponds
to the process obtained by assuming that fluctuation observables follow the
linearized equation of motion around classical trajectories with a Markovian
Gaussian (but not stationary) random force. Regression of fluctuations and
dynamical instabilities can easily be discussed, owing to our previous
knowledge of the flow of intensive observables.

Since the model is solvable and provides the dynamics of the phase
transition, it is of interest to compare our results with the existing pheno-
menological dynamical theories of critical phenomena (for a recent review
see Ref. 15). Although our differential system is not of gradient form, we
show in Section 6 that in the neighborhood of the critical temperature and
for small values of the order parameter it reduces to the usual Ginzburg-
Landau time-dependent theory. Of course no mode-mode coupling occurs
here, the strong coupling BCS model being strictly mean field. We have
given the main steps of all calculations, but skipped parts of them that are
straightforward and lengthy. Some more technical points are relegated to
appendices.

The model is treated in a spirit very similar to that of Hepp and Lieb
in their work on the laser.®-® Every step on the way from microscopic to
macroscopic dynamics can be stated and discussed without recourse to any
ad hoc statistical assumption. One difference is that the laser makes its
phase transition out of equilibrium when the coupling parameters to the

2 See Ref. 10 for a proof of structural stability in a generalized open Ising-Weiss
model.
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reservoirs are varied. Here the bifurcation occurs when the temperature of
the initial state of the bath is lowered. Taking advantage of the simplicity
of the singular coupling limit, they work in the framework of Heisenberg
equations of motion, and are thus led to a Langevin description of random
forces. We preferably use the theory of master equations, where the KMS
relation can be more easily exploited in the weak coupling limit, and we end
with a Fokker-Planck description of fluctuations. One should note in both
cases the involved limits and the order in which they are taken. First of all
the thermodynamic limit is taken on the external system, keeping the BCS
model finite. Then one describes its evolution in terms of the corresponding
quantum dynamical semigroup obtained by the weak coupling limit. Finally
the infinite-volume limit of the BCS system is also taken for a suitable class
of states. We emphasize the importance of this last step in relation to the
mathematically well-developed theory of quantum dynamical semigroups
(see Refs. 16 and 17 for references). It is only in the infinite-volume limit
that the dynamical content of such a semigroup is clearly and plainly revealed.
Here the relevant dynamical information contained in the semigroup appears
in the structure of the associated flow discussed in Section 4 (equilibria,
basins of attraction, bifurcations). These characteristic features remain
completely hidden if one looks only at the form that the generator of the
semigroup takes for a finite volume. The sitvation is very much the same
as in equilibrium theory, where the possibility of having various phases and
critical phenomena occurs only after the thermodynamic limit.

To conclude this introduction, we can say that the open BCS system
goes from disorder (normal phase) to order (superconducting phase) by
bifurcation, the normal phase becoming an unstable thermodynamic branch
below the critical temperature. As the laser, it provides a simple physical
example, not only phenomenological, but rooted in the microscopics, of
these self-organizing systems, which are so convincingly advocated in the
recent books by Nicolis and Prigogine*® and Haken.*¥

2. THE FREE EVOLUTION OF THE STRONG COUPLING
BCS MODEL

2.1. Quasi-Spin Formulation

In this work we shall use the quasi-spin formulation of the BCS model,
which we briefly review.®
The Hamiltonian is

H=¢2 @ +D~@V) 2 oo 0]

e ,qEQ
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where 0,* (¢ = +, —, 0) are the Pauli matrices

+_(0 1) __(O 0) 0_(1 O)
P TVvwo T Tho Tl -1
[6,%, 0,7] = 80,0, [0,°% 0,71 = 28,0, 2

o,* and o,” are the creation and annihilation operators for Cooper pairs
of electrons with momentum p. The electronic system is quantized in a box
of volume ¥V = L® with periodic boundary conditions, and the momenta
take the values

p = {2am/L, n, = integer}

The summation in (1) is restricted to a finite region Q of momentum space
in the neighborhood of the Fermi surface, so that sums are finite in (1) and
H acts in the finite tensor product ] [, C2 of single spin spaces.

Finally, the kinetic energy e of the electrons has been taken independent
of p in the region Q.

Denoting by N = >,.q 1 the number of pair levels at volume V, we
have N proportional to ¥, and after a redefinition of the coupling constant
#, we may write the Hamiltonian in the form

Hy =€ 0,° — uN) D op" 0,  p>0 ®)
b4 rq

In (3) we have dropped the constant eN term, which is irrelevant for
the dynamics, and summations are always understood to run in Q.
The interesting physical quantities are the intensive observables

Swi=(N)D 0% a=+,—,0 (4

where 3(Sy° + 1) is the density of Cooper pairs and Sy* is the (complex)
order parameter.
The intensive observables are bounded operators

1Syl < QAIN) D o] < 1 ©)

and commutators [Sy%, Sy’] and [Sy% o,f] are always of order O(1/N) in
operator norm.

More generally, we shall consider the set of intensive “one-pair”
observables Sy*(g) defined as follows:

Sx*(®) = (IIN) D g(p)o,* ©

where g(p) belongs to the class C%Q) of continuous functions on Q. Then
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[Sx“(g)] < sup,|g(p)| and commutators are also O(1/N). In particular, for
g(p) = 1 on Q, Sy(1) = Sy*.

One can also view Hy = N(eSy° — uSy*™Sy ™) as the Hamiltonian of a
mean field XY model in an external magnetic field in the z direction. This
interpretation is useful for geometric insight.

2.2. The Free Dynamics
We shall base our analysis of the dynamics on the Heisenberg equations
of motion:

dt ooy T (2) = 2ieoyy* () + Syt ()opy(F)
d o -
7 O (1) = —2ieayy(t) — iney(#)Sy (1) @)

9 0,30(0) = 2inoy* (OS4™(1) — 2ipSy* (e (1)
where the volume dependence of
o5 (t) = exp(iHyt) o,% exp(—iHyt)
Sy(t) = exp(iHyt) Sy* exp(—iHy?)
is denoted by the index N.

Since the evolution is unitary, equal time commutation relations are
preserved. Commutators between intensive observables are still O(1/N) and

ISy < 1 ©®

We remark that the nonlinearity of the right-hand side of (7) enters
only through the intensive observables Sy%(¢), and we write (7) in a more
compact form, introducing the three-component operator o,u(f) = {o%y(t),
=4+, —,0}

®)

d .

P opn(t) = ilx(t)opn(t) (10)
where I'y(r) = {I'#(#)} is a 3 x 3 matrix acting on o,(¢). Its entries, which
are defined in such a way as to reproduce (7), depend only on the intensive

observables Sy*(¢). [One can always define I'x(¢) to act on the left, using
equal time commutation rules, for instance

Soin(®) = ~2i(c = £)o(t) = iuSi~ (e80)

Hence I'y = (t) = —2(¢ — p/N), I'5°() = —pSy~(¢), and so on.]
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The main observation is that the differential equations for the intensive
observables that we deduce from (7)

4 530(0) = 218" () + SO, KO =0 ()
can be solved explicitly with
SEW) = S Syt0) = Syt expl(ie + S0 (12)

The constancy in time of S,° expresses the conservation of the pair number,
or the invariance under rotations around the z axis.

Therefore, I'y(¢) is a known function of time and time-zero intensive
observables Sy® Then the solution of (7) is given by the iteration series

ey = > @[ [ [ bty Tt Tt

= T(exp i f: I'y(t) dt')ap (13)

The series converges in the operator norm uniformly with respect to N since
by (9) the matrix elements of I'y(¢) are operators bounded uniformly in N
as well as in time.

2.3. Macroscopic States and Free Evolution in the
Thermodynamic Limit

For a suitable class of states, the dynamics given by the series (13)
simplifies considerably in the thermodynamic limit N -— co, and can be
written in a closed form. States leading to a macroscopic description of the
system are those for which average values of intensive observables are well
defined and uncorrelated as N — co. We incorporate this property in a
definition.

Let S(g) = (1/]Q]) f o S(p)g(p) d°p be three classical functionals, where
S(p) = {S4p),« = +, —, 0} are three given continuous functions on Q
satisfying S*(p) = (S~ (p))* and |S%p)| < 1, and consider a sequence of
states py (px is a density matrix on C*®¥). The sequence py iS macroscopic
at S(g) if

lim py [H S ?‘J(gr)] =] [S%(g) (14)

for all monomials T, S¥(g,) of intensive observables (6), where o, =

+, —, 0,and g, € C°(Q2).3 (A class of macroscopic states is given in Appendix
A)

3 We note py(Ay) = Tr pydy = {AxD.



592 Emmanuel Buffet and Philippe A. Martin

The simplification that occurs in the thermodynamic limit is due as
usual to the fact that intensive observables commute, allowing us to treat
them as ¢-numbers.

For this reason, one is led to consider the semiclassical set of differential
equations associated to (7):

4 0,2(@) = 2iea, (1) + S* (0,30

4 0,7(0) = =2ieo, (1) — inS~(1)0, 1) (s

%opoo) — 2iuS(1)o, (1) ~ 2ipS*(F)o, (1)

where S*(¢) and S~(t) are now given time-dependent classical functions
S*(t) = ST exp[(2ie + inS9t], S=(t) = (S*T()* (16)

and the o,%(t) are the spin operators defined as solutions of (15) with initial
values o,%(t = 0) = o,%. We notice that in (15) the spin operators for dif-
ferent values of p are no longer coupled, and are independent of N. There-
fore (15) can easily be solved in closed form as a quantum mechanical prob-
lem in a single spin space (see Section 2.4).

On the other hand, we can write (15) in the same manner as (10):

& o,(1) = IT@oy() ()

where o,(t) = {o,%(); ¢ = +, —, 0}, and I'(¢) = {I'*4(#)} is the 3 x 3
matrix whose entries are the same as those of I'y(z) but with the operators
Sy*(r) of (12) replaced by the classical functions S%(¢) of (16) and terms
O(1/N) dropped. Hence, solving (17) by iteration, we have

oy(t) = T(exp i Lt (") dt’) o (18)

The classical propagator T(exp i j f) I'(¢') dt') is defined by the same absolutely
convergent series as in (13) with I'y(¢) replaced by I'(¢).

The main result concerning the free dynamics of the model defined by
the Hamiltonian Hy is that it is given for macroscopic states and as N — «©
by the solutions of (15).

Equivalently, the full quantum mechanical propagator can always be
replaced by its classical equivalent (18) as N — oo.

Proposition 1. Let py be a sequence of macroscopic states at S(g)
and let py' evolve with the Hamiltonian Hy; then the sequence p,’ is macro-
scopic at S(g, 1) = T(exp i [, (") dt')S(g).
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Proof. Let F(Sy%) = > ca(Sy®)™ be a function of Sy* defined by a
norm convergent power series; then limy_, o px(F(Sy®)) = F(S%). Indeed,

pu(F(Sy%)) — F(S9) = ZO ealpa(Sy)™ — (8]

+ PN =%

L7

o

oS = S ey 19

+1 n=M+1

Choosing M large enough, using Tr py = py(I) = 1 and (5), we can make

PN[ Z Cn(SNa)n] <I Z cn(SNa)Mig Z |eal
n=M+1 a=M+1 n=M+1

as small as we wish uniformly in N. The same is true for the last term of
(19), and the first term in (19) converges to zero as N — oo by (14). By the
same arguments, if F(Sy*) and G(Sy*#) are two functions defined by norm
convergent power series, then

lim pu(F(Sy*)G(Sy")) = F(S*)G(S?) (20)

In particular, since §y° is bounded, the exponential (12) in Sy*(¢) can be
represented by its power series and

Lim py(Sy()) = (1) 3y

The integrand I'y(¢;) - Dy(¢,)Sx(g) in the nth order term of
t
Su(g. 1) = expityt) Sy(g) exp(—itt) = T(exp i [ ) )31(e)
0

is a sum of products of Sy*(¢). Therefore, with (20) and (21) its average
converges to the classical quantity I'(#;) - I'(z,)S(g). So do the time integrals.
Finally, the whole series has the limit

Jim p(Sw*(g)) = lim px(Sy*(g, 1)) = S(g, 1) (22)

since, as in (19), the series converges uniformly with respect to N. With the
use of the same arguments, the result holds for arbitrary monomials of the

Sy(2). IR

The proposition extends to other combinations of observables.

It is obviously true for multi-time correlations px(I], Sy*(g,, t,)) that
converge to their classical analogs [, S*(g,, #,). Later on, we shall also
have to consider observables of the type

Saﬁ(lt)_IZa(z)B_zT(ex .ftF BUALES rod (23
ACT —NpUpN Op = plo N()t Ngapgp ()

Y
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In view of the algebra of the Pauli matrices, (1/N) 3, 0,70, is still an
intensive observable of the form (6). Then it follows from Proposition 1 that

asymptotically the classical propagator (18) can be used in (23).

2.4. Explicit Solution of the Semiclassical Equations of Motion

The simplest way of solving (15) is by the Laplace transform method.

We set

&,42) = L oo, 1) di, Rez>0

Then (15) becomes

1 . - .
5,4z) = pr— T lop,* + ieuS*6,%(z — io)],

26,%(z) — 0,0 = 2ipS~6,7(z + W) — 2inSTE6, (z — W)
Introducing (24) in (25) and solving for ¢,°(z), we get
&°(2) = 2, a%2)o,"

a

with
s 2pS“(pS° + ioz) _ _
a (Z) - Z(Z2 + wz) 2 it +,
o z? + (nS°)?
0 —
@) = z(z% + w?)
From (24) and (27) we obtain also
5*@) = 2, b (@)oy”
with
7 1 . .
b*(z) = T [1 + iuSta*(z — iv)]

b (z) = 7 ~l‘u2ie S a (z — i)

bo(z) = %2}2 S*a%z — iv)

In (24) and (27), we have introduced the quantities
v=2¢+ pS% w=pu(S9%+ 45*57)12

(24)
(25)

(26)

@n

(28)

(29)

(30)
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which will be the characteristic frequencies of the motion. w is proportional
to the length of the total angular momentum and » is the rotation frequency

around the z axis.

We get the time dependence by inverting (26) and (28). Since the 3%(z)
and 5%(z) are meromorphic functions of z, one has simply to evaluate the
residues of the various poles. The result is

o, (1) = Z a’(t)o,”, ot (t) = Z b*(t)o,", 0,7 (1) = (0,*())*
“ ’ (3D
a“(t) = Z oty o b(t) = Z el Tty (32)

b4

with the following matrices of coefficients:

o + _ 0

+ | +pS (@ — pS9)w? —pST(w + pSO)w? 2u2S*S”[w?

w = — | —pS (0 + pS% w? +uSt(w — pS%/w? 2u2S*S”[w?
0 2u28~ 8% w? 2u?S* 80 w? (15°)?/w?
(33a)
o + _ 0
¥

+ | (@ = pSOPHL? —(uSTVfe? +pSt(w — pS20?

b= = | (@4 pSO4e? —(uSTe? —uS*(w + uS9)/20?
0 2u2S*T S [w? 2(pnS*)2jw? 28+ 80/ ew?
(33b)
One carn note the following consistency relations:
Dt =080, D0 =8, (34)
k4 Y

giving the correct initial values ¢,%(t = 0) = 0,% and

D ST = 8,08 D> 0,58 = §,,S*
21 a

These identities ensure that the evolution law (16) of the intensive observables
holds true.

Proposition 1 shows that for macroscopic states, the dynamics can be
safely calculated in thermodynamic limit by formulas (32) and (33).
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One should remark that this dynamics does not originate in general
from the one-spin effective Hamiltonian

Hy = e0® — pu(Sto™ + S7o¥) + pSHS- (35)

H,; is obtained by linearizing Hy around the classical C numbers $* and
S, that is, setting in (3)

SytSy = 8T8 + (Sy~ — 87)S + (Syt — ST)S™
1t is known that H,, is thermodynamically equivalent to Hy as N —co, It

has also been shown that H, produces asymptotically the correct dynamics
if and only if the “gap equations™

St =0 or v=2¢ + pS° = (36)

hold in the considered state.®1%

The same conclusion is immediately seen here, since when (36) holds, the
semiclassical equations of motion (15) are precisely those generated by Hy.

In particular, in an equilibrium state, (36) is valid (S* = 0 corresponds
to the normal phase, v = 0 corresponds to the condensed phase) and time
correlation functions can be evaluated using (35), as has been shown in
Ref. 13.

In the next section we shall deal with nonequilibrium states and for this
reason we need to consider the full time development as given by (32) and
(33).

The Hamiltonian H,y is a special case of a general class of mean field
systems that has been considered by Hepp and Lieb in Ref. 21. Such models
have the feature that the equations of motion of intensive observables form
a finite closed set of nonlinear differential equations, and this is the basic
reason for their solvability. A simplification that occurs in our case is that
this set, which is (11), can be explicitly solved, because of the conservation
of pair number (Sy° is a constant of motion). Therefore, as N — oo, average
values of Sy%(¢) follow trivially the classical equation (16) [cf. proof of (21)].
The same result is true in general for these models: average values of intensive
observables obey the corresponding classical differential equations in macro-
scopic states®? (cf. also the appendix of Ref. 14). Then the full microscopic
dynamics is in principle completely determined by a propagator of the type
(18), involving only the known classical trajectories of intensive observables.

3. DYNAMICS OF THE OPEN SYSTEM

3.1. Coupling with the Heat Bath

We consider now the BCS model described in Section 2.1 by the Hamil-
tonian (3) as an open system which can exchange energy with a heat bath.
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The main effect of the bath will be to create or destroy electron pairs. We
can think of it as being some external agency (as the lattices vibrations),
which causes fluctuations of the number of Cooper pairs. It can also incor-
porate the effect of short-wavelength modes of the BCS system itself, which
have already been thermalized and interact with the slowly varying observ-
ables such as the order parameter. In any case, we shall idealize the interaction
mechanism with the heat bath in the simplest possible way. We assume:

(i) The coupling V is linear both in the electron pair operators o,* and
o,” and in the creation and annihilation operators of excitations of the
bath.

(ii) Relaxation of different p modes is not correlated through the bath,
which we describe mathematically by attaching to each p an independent
copy of the same given bath.

Thus, we write

X =22 [0, a,(f) + 0,"a,* ()] (37)

4 () = [ a* (10) % (9)

a,*(f) creates an excitation with wave function f(k) in the p-bath associated
with the mode p, and A is some coupling constant.

Moreover, we take the evolution of the p-bath to be quasi-free, that is,
generated by a quadratic Hamiltonian, which can formally be written as

HP = f %k e(k)a,* (K)a,(k) (39)

where e(k) is the energy spectrum of the excitations.
It is equivalent to saying that the evolution of the bath is completely
given in terms of that of the one-excitation states:

exp(iH,°r) a,(f) exp(—iH,"t) = a,(f;) (40)

with fi(k) = {exp[—ie(k)t1}f (k).
Finally, we choose for mathematical convenience that the a,*(k) and
a,(k) obey the Fermi statistics anticommutation rules. Boundedness of
Fermi operators renders mathematical proofs easier, but the same results

would follow formally if we had Bose statistics instead.
Then the Hamiltonian for the total system is

H=Hy+ > HP + 1D [0,*a,(f) + 0,"a,* ()] C3))

We are interested in finding the motion of a few intensive observables
of the open BCS system. For this it is sufficient to deal with the part of the
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total state reduced to the BCS system by tracing out the degrees of freedom
corresponding to the bath. This can be done with the Zwanzig projection
technique®? (see Ref. 23 for references), and the evolution of the reduced
state is governed by the generalized master equation

d . '

Etpt = l[HN, Pt] -+ AZJ‘ dS.%/‘()\, S)Pt—s (42)
o

Equation (42) is derived under the three following assumptions on the initial

state of the coupled system:

(a) There are no correlations between the two systems at time ¢ = 0.
(b) The initial state of the bath is stationary under its free evolution (40).
(c) The average value of the interaction vanishes in this state.

Assumptions (b) and (c) are obviously fulfilled for the interaction (37) if
we have the bath in thermal equilibrium at time ¢ = 0.

All the effects of the interaction with the bath are contained in the
kernel (A, 5) acting in the state space (density matrices) of the BCS system.
A'(A, 5) has a very complicated structure, involving in particular multitime
correlation functions of the bath of all orders, and the integrodifferential
equation (42) is only mathematically tractable in a limiting situation, the
weak coupling or van Hove limit. For a discussion and a review of various
- applications of the weak coupling limit see Ref. 11. Let us recall here that in
this limit, one lets A — 0 and simultaneously scales the observation time by
setting ¢ = A~ 27, 7 fixed. The mechanism of the weak coupling limit is im-
mediately seen in (42) at an heuristic level. If we still denote by p, the state
expressed as a function of the new parameter , then (42) becomes with this
change of variable

d A—2¢
& p= fo ds A, )pr_2s 43)

(We have suppressed the free evolution part of (42), which plays no role when
we study the evolution of a constant of the free motion of the BCS system;
otherwise one removes it by going to the interaction picture.) Letting now
formally A — 0 in (43), we get

4 = Gp, G= f ds 20, 5) (44)
dr o
Thus, in the limit, the non-Markovian feature of (42) disappears, to give rise
to an ordinary differential equation of semigroup type in the scaled time
variable 7.

A correct derivation of (42) and a mathematical justification of the weak
coupling limit are not trivial. We refer to Refs. 1 and 2 for a complete
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mathematical study. The essential property needed for the validity of the
weak coupling limit is a sufficiently fast decrease of the time correlation
functions of the bath in its initial state. Such decrease properties can only be
obtained if the bath is treated as an infinitely extended quantum system.
Therefore, the proper mathematical setting for the description of our bath
is that of a quasi-free Fermi system with initial state satisfying the KMS
equilibrium condition at inverse temperature 8.%% Since it is well known that
quasi-free states are determined by their two-point correlation functions, the
only correlation functions of the bath that are involved in the kernel (A, s)
are

Ci(t) = Las(f)an ™ (f N5, Cat) = {a," (F)ap(f)s (43)

where {--->; are time-zero equilibrium averages. {For instance, an explicit
expression of Cy(¢) with (38) and (39) is

A IN? (e, LS (B2 expl—ie(k)t]
GO = (Z?) f S exp[—FelP)] }

We assume that the decay in time of Ci(¢) and Cy(¢) is O(1/t**n), 3 > 0,
for t — c0.

The KMS condition expressed in terms of the Fourier transforms
Cik) = [dt e Cy(t), j = 1,2, is

Citk) = ePoCy(~k) (46)

Moreover, C,(k) and C.(k) are real nonnegative functions.

With this we are precisely in the range of application of theorem 2.3 of
Ref. 1, asserting the existence of the weak coupling limit. (Remember that
for finite N, states of the BCS system are in a finite-dimensional Hilbert
space.)

Specializing to our case the general form of the generator Gy, (44),
which can be found in Ref. 1, one obtains for any observable Ay of the
finite BCS system

g;_ PN1(AN)II=0 = (GNPN)(AN)
= ] =[S Uy, 310y Cul0) = 7L, 3OIC0)
+ . 3301, "Calt) = " U, a®IC(=0) | 47

If Ay does not commute with Hy, one has to add to (47) the free evolution
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term of (42). [For a calculation very similar to (47), in the context of Ising
systems, see Proposition 2 of Ref. 9.] Equation (47) is the basic formula
upon which all our subsequent study of the open BCS system relies.

3.2. Equation of Motion of Intensive Observables

The master equation (47) is still a microscopic evolution law since it
may be used to predict the value at time 7 of any observable of the BCS
system. In fact, we will be only interested in the macroscopic motion of the
number of electron pairs 3(Sy° + 1) and the order parameter Sy * as N - co.
We therefore specialize 4y in (47) to be components of the vector Sy. More-
over, one must distinguish between rapidly and slowly varying observables
(in the = time scale). We set Ry = Sy* Sy~ and we introduce the gap operator
Ay (the modulus of the order parameter)

Ay? = 48y * Sy~ = 4Ry (48)

Clearly Ay and S,° which are constants of the free BCS motion, evolve
slowly when a weak coupling with the bath is switched on, whereas the free
evolution (12) produces fast oscillations of the complex order parameter with
frequency A% (A —0). We will be concerned here with the evaluation of
(47) for Ay and S,° in the thermodynamic limit, and we shall study the
complex order parameter in Section 4.4.

It is more convenient to work for the moment with Ry instead of A,.
We shall come back to Ay later by the change of variable (48).

Let us denote by Fp¥ and FJ the operators occurring in (47) for the
choices Ay = Ry and Ay = Sy°, respectively, i.e.,

(GNPN)(RN) = PN(F RN) = <FRN>

0 N . 49)
(GNPN)(SN ) = PN(FSO) = (F)
FpY and F%, are the sums of four terms, the first of them involving
By(t) = D[Ry, ofx(t)]o, (50)
p
for Fy¥, and
Cy(t) = D[Sy on(D)]oy s
p
for F¥,.

All the other terms have a similar structure and it is sufficient to discuss
(50) and (51). The commutators in (50) and (51) are straightforward to
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compute since both Ry and S,° are constant of the free evolution. Thus,
using equal-time commutation relations, we get

By(®) = 2 ISu (O (1), o(ley™ = —Si* () 5 3 ou(t)e,™ (52)

Cult) = 3 15370, o0 = % 3 o3(t)e,” (53

P

Before evaluating (52) and (53) explicitly we note some points concerning
the structure of By(z) and Cy(¢).

(i) The only operators appearing in (52) and (53) are of the form (23),
and products of such quantities with other intensive observables Sy*(r).
Therefore, in view of the nature of the propagator T(exp i ﬁ) Lyt dt’,
By(t) and Cy(t) can be expressed as functions of time-zero observables
Sy only.

(ii) By(f) and Cy(?) commute with Ry and S,° They commute with
Sx° because of the gauge invariance of the free dynamics of the BCS model.
Moreover, being functions of the Sy* only, they commute with the length
of the total “spin angular momentum”

(SNO)2 + 2(SN+SN_ + SN_SN+) = (SNO)2 + 4RN2 - 2SN0/N = CL’Nz/l’«2

and consequently with Ry.

(iii) The preceding remarks imply that By(t) and Cy(¢) can be expressed
entirely in terms of the two mutually commuting observables Ry and S,°.
Thus Fz¥ and F§, can be considered as classical functions in the functional
calculus of Ry and Sy° (or wy and Sy°) (see Appendix C).

We assume from now on that the sequence of time-zero states py is
macroscopic at 8% « = +, —, 0 [in the sense of the definition (14)], where
S® are arbitrarily prepared initial values.

Since, by remark (i), By(t), Cy(#), and the other similar quantities
appearing in (47) involve only intensive observables for which Proposition 1
applies, the integrands of (47) converge as N — co if the sequence of states
is macroscopic, and we can use the semiclassical form of the propagator
(31). We find that the limits of these integrands are

—ST(O[-a"O)S™ + da* ()1 + SOCi(7)
+8T(D[°(OS™ + da* ()1 = SOCo(—1) (54

+ complex conjugate
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ifAN - SN+SN_ = RN: and
[=2b°(£)S~ + 2b*(1)3(1 + SHIC.(2)
— [26°(2)S™ + 2b*(1)5(1 — S9]Co(—1) (55)
+ complex conjugate
if Ay = Si°
As the sequence of the integrands is uniformly bounded with respect to
N in operator norm by const x [|Cy(#)| + |Co(—0)} + |Ca(t)] + |Coi(—1)]1

which is integrable by assumption, the dominated convergence theorem
allows us to conclude that

lim py(F") = Fi(R, §%) = ~S*5- f dt (1) (1)
+ 18571 + S f dt éa* (1)Cy(1)
_ §*S- f dt é"a%(1)Cof — 1)

— 1871 - 5% f d e¥a* (t)Cy( —1)
(56)

and

lim py(EE) = FalR, 9 = 257 [ i 9(0C,0)
— 0+ So)fw dt b*(1)Co(t)
4+ 28- f " d B C 1)

+ (- So)fw A b (OCH—1)  (5T)

In obtaining (56) and (57) we have used complex conjugate terms together
with symmetry properties of the a%(¢) and b*(¢) to recover the full (—o0, c0)
time integration range.

Replacing now b%(t) and a%(t) by their explicit expressions (32), one
sees that the integrals will give Fourier transforms of C;(f) and Cy(z) at
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points v, v + w, v — w. We can then use the KMS relation (46) to write
the right-hand sides of (56) and (57) in the form

L ,2Q0
Fu(R, 8°) = [C(v) "w‘z tanhﬁ—;

.. QO
—C+ ) 2w';S (w — utanh &—;—“’))

- w)® “sz’;S° (w + ptanh /3(”2—‘—1))]R (58)
and
Fso(R, 8% = —C() 2‘;22R tanh ’3—2”
5 (0 — pS°)? Bl + o)
— C(V -+ w)—-—q';f':ﬁ—— (p.tanh —2— — w)
w 0)2 vV — w
—Co - w) LL+;” (,L tanh’3(2—) + w) (59)
with

C(k) = Cy(k) + Co(=k) (60)
w = ul(SOF + 4R = u[(SY? + AT, R=3A7 (6D

Equations (58) and (59) generate a nonlinear autonomous two-dimensional
differential system for R and S°:
1R=F(R S9 iS°=F(R S9
d'r R\ANs ’ d‘r So\Ly,
Written in terms of A and S°, this system becomes, with the change of
variable (61),

d d

2
pa A= ZFR(R’ S = Fi(4, S9), e S§° = Fu(A, S9 (62)

we shall abbreviate it by
gd; X(r) = F(X(7)),  X(7) = (A(r), S%7) (63)

the components of the vector field F(X) being defined by (62), (58), and (59).

Let us show that in the thermodynamic limit the macroscopic observ-
ables Ay and S,° evolve indeed without fluctuations according to the deter-
ministic equations (63). For this one has to find the behavior of higher
order correlations px.((Sx2*(Ax%)) k,1= 0,1, 2,...) as N— co.
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Inserting, for instance, Ay = (Sy°)* in (47), we find that (53) is replaced
by

3 55 oDy

_ % S (S0 @, oi®)]e,”

k-1

- %Z { ZO [SxO1 %UJN(t)[SNO(g)]k—n_l}%_

2 1 rs
= k(SNO)"‘l[sz: a;’N(t)ap“] + O(N) 64)
where we have used the fact that equal-time commutators are always O(1/N)
uniformly in ¢. Thus, we find, as for (59),

im (Gupa (S = Fa(TK(S~ = Foo(X) 3 (5"

In the same way the commutator structure of (47) leads, for general monomials
of Ay and S0, to

i Gupn ARSI = | FuX) 5 + Fl) 553 I4%(°] - 69)

This means that the generator of motion of any macroscopic probability
distribution for X = (4, §°) consists of the purely drift term (65) [in (65)
we have the dual action of this drift term on observables]. Accordingly, the
evolution of such probability distributions is induced by the two-dimensional
flow generated by (63) and there are no fluctuations.

The fact that the open dynamics is described by a closed differential
system involving only the two intensive observables A and S° is due to the
mean field nature of the BCS Hamiltonian (3) and its gauge invariance.
One should emphasize that (63) is valid far from equilibrium since initial
values X = (A, S° can be any point in the physical domain that is the
half-disk

Z={X:|X|?=(S)P+ A< A20 (66)

The coupled evolution of A and S? results from an interaction with the bath
that is not gauge invariant, thus modifying the number of Cooper pairs. If
we had chosen instead of (37) a gauge-invariant interaction (like the scatter-
ing of electron pairs), §° would still be a constant of the motion of the open
system, and (63) would reduce to a single equation for the gap parameter A.

The properties of the flow generated by (63) are the subject of the next
section.



Dynamics of the Open BCS Model 605

4. DESCRIPTION OF THE FLOW

4.1. Local Properties

It is well known that there will be locally a unique solution of our
differential system (62) if the field satisfies a local Lipschitz condition. We
show in Appendix C, Lemma 4, that if the correlation functions of the
bath satisfy

J IC)|tFdt <0, j=1,2 67)
0

then F(X) belongs to the class C* of k-times continuously differentiable
functions. In fact, if the Fourier transform C(k) is of class C, it is obvious
in (58) and (59) that F(X) is also C* for @ 5 0. But w = 0 is not a singular
point. F(X) can be defined by continuity at w = 0, setting

F(0) = lim F(X) = (0, —C(2¢) tanh Be) (68)

and it can be checked by direct calculation that F(X) is also C* at w = 0.

From now on, we assume that (67) holds for some k > 1, ensuring
local existence and unicity of the flow in the disk |X| < 1.

Moreover, we assume also throughout this and the next subsection that
C(k) is everywhere strictly positive. Cases where C(k) vanishes will be
investigated in Section 4.3.

Before discussing the equilibria of the field, let us notice that the axis
A = 0 is an invariant manifold of the flow. Indeed for A = 0, w = u|S9)
and (62) reduces to

A(r) = 0, chT 5°(r) = —C(2)[S%) + tanh Be] (69)

(69) is simply the relaxation equation of a spin in an external magnetic field,
as would be intuitively expected from the Hamiltonian (3).

The thermal equilibria of the free BCS model in the thermodynamic
limit are given by the solutions of the mean field equations associated with
H, (35). They are

X, = (0, —tanh Be) (70)

which exists for all temperatures and corresponds to the normal phase.
If the temperature is less than the critical temperature 7, defined by*

tanh Be = 2efu, T, = 1/ksB, (71)

* We shall assume that the parameters ¢ and p are such that e > 0, p > 0, and 2¢/p < 1.
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there exists a second solution with A, ¢ O corresponding to the
superconducting phase

Xs = (Bs, —2¢/w) (72

where A, is solution of the implicit equation

tanh {ﬁ% [(25)2 + Asz]uz} = [(g’f)z + Aszrz (73)

It is easily checked that X, and X are also equilibria of our vector field. It
is of course expected that such thermal equilibrium values of the free BCS
system are stationary under the evolution obtained in the weak coupling
limit.

4.1.1. Normal Phase. Equation (69) shows that F(X,) = 0 for all tem-
peratures T. The linear part of F(X) at X, is

(DF)(Xo) = (Al )

0 A
with
. _é(Ze — ptanh Be) B
Ay = 3 tanh fe tanh 5 (2e — p tanh Be) )
A = —C2e) <0

Since for T' > T,, tanh Be < 2¢/u, both eigenvalues are negative, and X, is
hyperbolic and asymptotically stable. The phrase portrait is a node. There
is an exponential approach to equilibrium in both directions with relaxation
times A7t and Azt

For T = T,, (71) shows that A; = 0, and X, is no longer hyperbolic.

4.1.2. Superconducting Phase. For T < T,, A, > 0, the A direction
becomes unstable and X, is a saddle point. One sees in (58) and (59) that a
new equilibrium point occurs for v = 0 and u tanh (w/2) = w, which is
precisely Xs.

Therefore, T = T, is a bifurcation point for the system (63) and the
branches of location of equilibria are shown in Fig, 1.

The linear part of the field at X = Xj is of the form

(DF)(Xs) = (“ b)
c d
One finds that
a+d= —7m [COB" A% + Cl)w — pS):

+ C(—w)e@ + uS%)?)|x-x, < O
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s© ¢

'

X (T > TC)
T=T_ : X =X, = (0,-2¢/w)
X (T < Ty)
X, (T < Tc) \

Fig. 1. Bifurcation of the set of equilibrium points.

and that ad — bc is proportional (with a positive factor) to (—9/0A) x
{w tanh[f(w + v)/2] — w}|x-x,, Which is seen to be a positive quantity for
T < T,. These facts ensure that both eigenvalues of (DF)(Xs) have negative
real parts for T < 7,. One can, moreover, prove that both eigenvalues are
real; consequently the phase portrait is a node. Hence Xj is hyperbolic and
asymptotically stable, and the approach to equilibrium is exponentially fast
in a neighborhood of Xg. [Remember, however, that in view of (69) the
trajectory with initial value A = 0 converges always to X, as r — c0.]

Stability at the critical temperature cannot be decided here since in this
case X, = Xj is not hyperbolic. It will be discussed in the next section with
the help of a Liapunov function. It will also be shown that X, for T > T,
and X, and X; for T < T, are the only equilibria of the field [when C(k) is
strictly positive].

4.2. Global Properties

We begin with the proof of the existence of global solutions of Eq. (63).
As usual, this follows from some a priori estimation on the solution. It is
expected that, given an initial condition in the physical domain 2, (66), the
solution that it defines remains in & as long as it exists. This is indeed
true:

Lemma 1. Z is positively invariant under the evolution determined by
the field F.
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Proof. We analyze the behavior of F on the boundary of 2. Direct
computation gives

d
(X‘E-X) 5

=160 + w1 - S°)2tanh( ”—i—’f) —~1

— 160 — w1 + S°)2(tanh ﬁ”——;—" + 1) (75)

which is obviously negative since |tanh y| < 1 and (k) > 0. This means
that the field F points inward on the boundary of the unit disk, therefore
preventing the trajectory from escaping from the disk. Moreover, each of
the two half-disks A > 0 and A < 0 is separately invariant.

Indeed we know from (69) that the axis A = 0 is itself a trajectory. As
a consequence of local unicity, no trajectory with initial value A > 0 can
cross the line A = 0. Thus 2 is positively invariant. In fact, the symmetry
property of the field

Fo(A, 8% = —Fa(=A4,8%, Fold, 8% = Fo(—A, 8% (76)

implies the symmetry of the phase portrait with respect to reflections around
the A axis. |

Lemma 1 implies the existence of global solutions of (63).2%

In order to be able to describe global properties of solutions, we shall
build a Liapunov function. Let us recall that a Liapunov function relative
to an equilibrium point X has to satisfy

LX) =0
LX)>0 for X#X (77
LX) <0

If, furthermore, the last inequality is strict (except at point X), L is a strict
Liapunov function.

A motivation for the search of a Liapunov function is given by the
remark that the free energy ¢(p) considered as a functional of the state has
to be minimum for equilibrium phases,

$(p) = Ulp) = TS(p) (78)

where U(p) = Tr pH and S{p) = —k; Tr p In p are the average energy and
entropy.

The fact that ¢(p,) is a decreasing function of = when p, evolves according
to a dissipative semigroup obtained in the weak coupling limit is proved in
Ref. 11. In Ref. 11, —(d/dr)¢(p,) is identified with the entropy production
and the result holds for quantum systems in finite-dimensional Hilbert
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spaces. The same property has also been used for the study of the stochastic
Ising model in the thermodynamic limit.®®

In our case we calculate the free energy associated with states that are
macroscopic at S% (« = +, —, 0) in such a way that ¢(p) becomes a func-
tion of the intensive observables only. This can be done simply with states
that are products on all modes of the one-spin states (see Appendix A)

_ (%(1 +5% 8- )

st 30 -89 ®)

For such states and the Hamiltonian (3), the free energy density in the
thermodynamic limit is

Hp) = &8° — X 4 (18 Tr pln p

and with (79), setting V(4, S9 = Bé(p),

0y — o _ pA? 1 @ 1 w
V(A,S)—B(eS 4)+2(1+M)ln2 L+3

=33

Lemma 2. V(X) < 0 in 2 and the only zeros of ¥ (X) in 2 are X, for
T>2T, and Xyand Xsfor T < T,.

Proof. By differentiating ¥ and introducing (62), we obtain
; d 4 oV
oy 0y 0 0 o Y 0
V(j, $%9 = . V(A, 8% = Fy(A, S )aA(A’S ) + Fso(A, S )aSO(A,S )

= ~C()ﬂ‘u sztanhﬁ - Cv + w)(—wg;l‘;}zs'—ﬂ-z

x (,L tanhff(”—;—‘"—) )[B(v + )~ It “’J

w

- Cv — w)% (p,tanh/i(v—;—iu—) + w)

x [5@ — ) +1n Z“_L——Z] (81)

The first term is obviously negative. So is the second: The formula

p+
-

w w
In P 2 argth p (82)
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shows that ptanh[B(v + w)/2] — w and B(v + @) — In[(p + w)/(p — )]
have the same zeros and thus their product has a constant sign, which is
positive. The same argument applies to the third term.

The above discussion not only proves the first part of the lemma, but
also shows that the three terms in (81) have to vanish separately if V(X)
vanishes, all of them being nonpositive. This can only be the case at X = X,
for T > T, and X, and X; for T < T, [notice that ¥(0,0) = —C(2¢)fe x
tanh Be = 0].

We define now
Ly(X) = V(X) — V(Xo), Ls(X) = V(X) — V(Xy) (83)
and state:

Lemma 3. (i) For T > T,, L, is a strict Liapunov function associated
with X, on 2.

(ii) For T < T,, Ls is a strict Liapunov function associated with X
on Z — {Xg}.

Proof. The only thing to prove is the positivity of L,(X) and Lg(X) in
the appropriate range of temperature. This is done in Appendix B.

Proposition 2. (i) For T > T,, X, is the only equilibrium point
of F(X); it is asymptotically stable and its basin of attraction is 2.

(ii) For T < T,, X, and Xy are the only equilibrium points of F(X);
X5 is asymptotically stable and its basin of attraction is 2’ =
{X=(A8€2: A0}

Proof. The nonexistence of equilibria different from X, and X is a
direct consequence of Lemma 2, since an equilibrium has to be a zero of
V(X).

Asymptotic stability of X, for T > T, and X for T < T, follows
immediately from Lemma 3.

Thus, the only remaining question is the extent of the basins of attrac-
tion. We first treat the case T > T,. Consider a trajectory associated with F
and with an initial value in 2. Since by Lemma 1 this trajectory is confined
in @, which is a compact set, its w-limit set Q is nonempty. On the other
hand, Q is included into (Ref. 27, p. 539, Lemma 11.1)

(Xe2:V(X) =0}

In this range of temperature this means by Lemma 2 that Q = {X,}. Hence
X, is the single w-limit point of all trajectories in &. Therefore, we can con-
clude that all trajectories tend to this point as 7 goes to infinity (Ref. 27,
p. 146, Corollary 1.1).
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w
°

s

(a) (b)

Fig. 2. Phase portrait of the field F(X) at various temperatures. a), T > T, (8 = 1/3);
b), T< T. (B = 0,62).

In the other case T' < T,, we obtain by a similar reasoning that Q is
included in {X,, Xg}. The fact that the trajectory remains in the compact
set & implies that Q is connected (and nonempty) (Ref. 27, p. 145, Theorem
1.1). We thus have the two possible situations Q = {Xg} or Q = {X;}. For
T < T, X, is a saddle point; hence there exist exactly two trajectories
tending to X, as 7 — 0.%® But we know these two trajectories from (69):
They constitute the A = 0 axis. Therefore, any other trajectory with initial
A # 0 must have X as a single w-limit point and tends toitas 7— 0. |

The proposition means that, except for the line A = 0, when T < T,
the thermodynamic phases are global attractors in the physical domain.
The result holds also at the critical temperature, X being still asymptotically
stable, although decay is not exponentially fast (critical slowing down).

A numerical study of the trajectories of system (3.26) provides an illus-
tration of our previous analytic study.

The phase portraits drawn in Fig. 2 correspond to the following numerical
values:

C=7 e=17 p=4 (whichgives B, = 0, 549)

4.3. Structural Stability and Accidental Equilibria

We study here the influence on the dynamics of the coupling function
C(k) with the bath. For finite systems, criteria have been given for the
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coupling with the bath causing the system to approach a unique equilibrium
state under a dissipative semigroup evolution.®®:3% In our case, the analysis

" of Section 4.2 has shown that the thermodynamic points X, (for T > T,)
and X (for T < T,) are global attractors of the flow provided that C(k) > 0.
If C(k) can vanish, there may occur other equilibria, which result from the
nature of the coupling with the bath. The relevant mathematical concept
that discriminates thermodynamic equilibria from others is the concept of
structural stability. (See also Ref. 10.)

The vector field F(X) is structurally stable if there exists a neighborhood
of F(X) (in a suitable topology on the set of vector fields) such that all fields
in this neighborhood have topologically equivalent flows. This property is
very desirable from the physical viewpoint. The dynamics of the system
should not depend critically on the detailed nature of the thermal bath and
of its interaction. If our field F(X) is structurally stable, this precisely means
that we can slightly modify the coupling function C(k) without changing
qualitatively the phase portrait of trajectories. On the basis of the preceding
analysis, we can also deduce the structural stability of F(X) when C(k) is
strictly positive (i.e., the only possible equilibria are the thermodynamic
ones) and T # T,.

For this we recall four results of Sections 4.1 and 4.2, obtained under
the assumption of strict positivity of C(k):

(i) F points inward on the circle | X| = 1.

(ii) At any noncritical temperature the equilibria of F are hyperbolic.

(iii) No periodic orbit can exist, since we have a strict Liapunov function.

(iv) There is at most one saddle point. Hence no trajectory goes from
saddle to saddle.

According to a theorem by Pontryagin and Andronov,®® the four preceding
facts guarantee the structural stability of Fon & for T # T,.

At T = T, the emergence of a nonhyperbolic equilibrium destroys
structural stability. This has of course to be the case, since the phase portrait
changes at the bifurcation point.

We drop now the restriction C(k) > 0 and show that the new equi-
libria X (X # X,, Xs) that can possibly result of the zeros of C(k) are of
very different nature from the thermodynamic ones: they are never hyper-
bolic, contrary to X, and Xy (for T # T,). As a consequence, if such an
equilibrium X occurs, the field cannot be structurally stable and X can be
removed by a small perturbation of the function C(k). In this sense these
new equilibria are produced by a peculiarity of the coupling with the bath
and have to be considered as accidental.

We still suppose that C(k) is continuously differentiable, so that any
zero of C(k) is also a zero of its derivative [remember that C(k) > 0].
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Let Xe 2 (X # X,, X;) be an equilibrium of F(X) for which at least
one of the quantities C(v), C(v + w), C(v — w) vanishes. Then V(X) must
also vanish at X = X. Using the expression (81) for ¥(X), which is a sum of
three negative terms, we can explicitly enumerate all the ways of having
V(X) = 0. Then for each case, we compute the linearized part of the field
at X and show that it has at least one eigenvalue that is zero. We shall not
give the complete enumeration here, but content ourselves with a few
illustrative cases.

Assume, for instance, that X is such that C(v + w) = 0. Then, we can
have V(X) = 0 with X # X,, X, if at least one of the following four
situations occurs:

(@) A =0 and (w + uS% = 0.5 We immediately see in (59) that X is
a double zero of Fyo(X), thus showing that X is not hyperbolic.

() €@ = 0 and utanh[B(w — v)/2] + @ = 0. Then one can check
that the linearized part of the field at X is of the form (2% ¢%). This matrix
has obviously a zero eigenvalue.

(¢) €(») =0 and (w + puS° = 0. Then X is a double zero of both
Fyo(X) and FA(X).

(d) €(v) = 0 and C(w — v) = 0. Since the zeros of C(k) are themselves
double, X is again nonhyperbolic.

If C(2¢) = 0 the origin is an equilibrium [cf. (68)]. By (69) all other
points of the A axis are also equilibria. All of them are nonhyperbolic, since
F(X) is identically zero on this axis, and again the field cannot be structurally
stable.

We summarize the situation in the following:

Proposition 3. Assume C(k) € C1.

(i) If C(k) > 0, the field is structurally stable on 2 for all T # T,. It
is not structurally stable for T = T..

(i) If (k) = 0, and there exists an equilibrium X different from the
thermodynamic ones X, and Xg, then the field is not structurally stable
on 2.

This proposition provides a clear distinction between thermodynamic
and accidental equilibria.

4.4. The Complex Order Parameter
We consider now the evolution of the three-dimensional vector S%,
S%, S§° or equivalently S+, S—, S° If we set Ay = Sy* and work out the

5 This situation can only occur if 6‘(25) = 0; notice that then any point (0, $%, S° < 0,
is an equilibrium.
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expression (47) for a sequence of macroscopic states, we find that as N — oo,
S*(r) obeys an equation of the form

%Sw) = (F A(A)((T()’ D 4 2 + i(I)(X(T)))S“(T) (84)
Equivalently, setting S*(r) = 3A(7)e*®, one gets for the phase of the order
parameter

(ddn)p(r) = A~%(7) + O(X(r)) (85)
In (84) and (85) we have included the phase A~%(1) = A7%[2¢ + uS°(7)]
of the free motion (which is of course of the order A~2 in the = time scale).
In addition to it, there occurs another phase term ®(X), which is due to the
interaction with the bath. The explicit form of ®(X), which can easily be
found, is not of particular interest, and it is enough to note the following
points.

(i) ®(X) involves not only the functions C,(¢r) and Cy(t), but also the
functions tC,(t) and tCy(t). This is because the calculation of the com-
mutators in (47) with the help of equal-time commutation relations now
involves terms like

[exp(iuSy°t), opn(t)] = [expint/N) — 1o x(t) exp(iSy°r)
~ 2(iut/N)oiy(r) exp(iSy°?), N>

Hence, for the existence of the infinite-volume limit one needs to assume here
not only the integrability of C,(¢) but also f lC{N)| dt < o0,j=1,2.

(ii) ®(X) is real and depends only on the gauge-invariant observables
A and S°.

(iil) ®(X,) and O(X;) are in general different from zero for all
temperatures.

For T > T, the complex order parameter tends to zero as r —c0. For
T < T, we see from (85) that its phase behaves as

p(r) ~ D(Xgr, T->© (86)

[remember that »(7) =0, r -0, for T < T,).

Therefore, S*(r) has asymptotically a circular motion with constant
angular velocity ®(Xs) on the circle of radius $Ag, showing that this circle
is an attracting orbit in the (S%, SY) plane.

In fact, the three-dimensional differential system undergoes precisely
a Hopf bifurcation in the (S%, S¥) plane: the origin becomes unstable at
T = T, and gives rise to the attracting circle of radius $As. One can check
that the conditions for the Hopf bifurcation theorem are met,®» In par-
ticular the derivative of the eigenvalue A, (74), with respect to 5,

_‘& _ l"zlgc A
dﬂ =8, ~ 8 cosh? ﬁce C(O)

does not vanish at T’ = T, [if C(0) > 0].
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set of extremal

equilibrium states

non gauge invariant interaction gauge invariant interaction

Fig. 3

Extremal equilibrium states of the BCS model can be labeled by the
phase of S+, according to the breaking of gauge invariance. Suppose that
we choose a non-gauge-invariant initial state with

Hm pu(Sy*) = S* = 3Ae'® £ 0
N—ow

for T' < T, we have asymptotically as 7 —co
§*(r) = $As explilp + P(Xg)7]} # 0

This shows that a non-gauge-invariant initial state is not driven by the
dissipative semigroup (47) to a steady state, but goes over the set of extremal
equilibrium states with constant angular velocity (Fig. 3). This feature is
due to the fact that the interaction with the bath is itself non-gauge-invariant.
One can check that the phase of the order parameter remains constant in
time if the interaction is gauge-invariant (like the scattering of Cooper pairs).
In the latter case, the symmetry breaking is obtained dynamically by the
choice of non-gauge-invariant initial conditions.

5. FLUCTUATIONS

6.1. Fluctuation Observables

We know that intensive observables in macroscopic states evolve without
fluctuations in the thermodynamic limit according to the deterministic
equations (63) (see Section 3.2). In order to exhibit the fluctuations, we must

treat the dynamics not to the leading order in N, but to the order V' N. It is
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indeed a general feature of macroscopic bodies that, with the exception of
critical points, the mean square deviations of intensive observables are
O(1/N) as N —> 0. We are thus led to define the fluctuation observable of
Sw(g) around the mean value p,(Sy(g)) = {(Sx(g)> by

Sv(g) = VNISy(g) — (Sx(g)] (87)

Such fluctuation observables are O(1) in states with normal fluctuations. If
px Is @ macroscopic sequence of states at S(g) [definition (14)], we say that
px has normal fluctuations if limy., ., py(II, $%(g,)) exists for all monomials
of fluctuation observables $%(g,), g, € C*%Q). (For a discussion of states
with normal fluctuation see Ref. 21 and Appendix A.)

Since the commutator of fluctuation observables does not vanish as
N -0, the evolution of fluctuations is in general a truly quantum process
and cannot be described in terms of a classical probability distribution. We
shall not deal here with this full quantum process, but restrict our attention
to the subset Xy = (A, Sy°) of two mutually commuting observables. In
this commutative case one gets a classical description in view of the following
remark. If the limit of averages of all monomials of Ay and $,° exists, the
limit exists also for all continuous functions f(Xy) with compact support,
since such functions can be approximated uniformly by polynomials. Hence

Jim px(f(X) = A(f) (88)

defines a bounded linear functional g on C,°(R?). By the Riesz theorem,
yields a measure dp(X), X € R2, which is the joint probability measure for
the fluctuations X = (A, §°) in the thermodynamic limit.

To study the dynamics of fluctuations around the trajectories, we
introduce the fluctuation observables at time =:

XN(T) = (ﬁN(TL SNO(T))

Bp(r) = VN(Qy — (A, $°(@) = VN(Sy* — Sy (89)
where {Ayd. = py(Ay), (Sy%: = pwi(Sy). Let py, = (exp Gy7)py evolve
with the semigroup (47). py. has normal fluctuations at time = if

lim .l f (Xn()] = pS) (90)

exists for all fe CO(R?).

This limit again defines a measure dp,(X) on R? which is clearly the
probability measure for fluctuations around X(r) at time r. The evolution
of fluctuations still has the semigroup property:

Let p,,., denote the distribution of fluctuations at time 7,, given the
initial distribution p,,. By the definition (90)

P (f) = lim [(exp Gyra)pys|Lf (Xn(r2, 7))
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Here Xy(r,, ;) is the fluctuation observable at time =, associated with the
initial state py, . Since py, evolves itself according a semigroup, we obtain
512,11 = ﬁ1:2+1:1 (91)

In order to find the evolution of p, it is therefore sufficient to calculate its
generator (for a differentiable function f)

£ 5 lemo = Jim 4L o (R

gl-nl {(Gupw)f (X}N)]

— VN[CEIYE, f(Xy))> + FEB. f(XaD] (92)

We prove in the next section that if py is a sequence of macroscopic
states at X with normal fluctuations, the limit (92) exists and is given by

& 5o = o({0P001 G + k00 5 Z)r) o9

where (DF)(X) is the linear part of the field at X and

o Kan(X)  Kpso(X)
kx) = (KsoA<X> Ksoso(X))

is a2 2 x 2 symmetric matrix depending on the point X.

If dp(X) = p(X)dA dS° has a differentiable probability density u.(X),
(93) together with the semigroup law (91) is equivalent to the linear Fokker—
Planck equation

7 B) = { = ORI + [KCro) |- huct) 09

where (DF)[X(+)] and the diffusion matrix K(X(+)) are evaluated here at
the point X(7) of the trajectory defined by the initial condition X.

Equation (94) expresses our main result concerning the dynamics of
fluctuations: in the thermodynamic limit the averages of the fluctuation
observables follow the linearized equation of motion (63) around the trajec-
tory X(+) and their probability distribution is Gaussian.

In fact, (94) is the Fokker—Planck equation associated with the stochastic
differential equation

4 2() = DRI + 9l )
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where ¢(7) 1s a Gaussian Markovian (but nonstationary) random force
defined by

(palr)) = {pso(r)) = 0
and
<‘PA(71)<PA(72)> = 2K\ (X (7'1)) ry — 7 2)
<‘PA("'1)<PS°(7'2)> = ZKASD(X(Tl)) 8(7'1 - 72) (96)
(pso(T)ps(Te)) = 2K5050( X (7)) 8(71 — 72)

However, one should note that a complete proof that the fluctuations
are given by the stochastic process (95) is not obtainable in the framework
of the master equation. To prove that the full process is Gaussian and
Markovian would require in addition to the Fokker-Planck equation (94)
a knowledge of the set of all multitime correlations {p(r;)@(7s) - o(r,)>.

Such information is not available from the master equation (47), which
gives the state only at the single time .

5.2. Generator of the Fokker—Planck Equation

This section is devoted to the proof that the limit (92) exists for states
with normal fluctuations and is the Fokker-Planck generator (93). To
simplify the presentation it is convenient to use instead of A the fluctuation
observable

Ry = VN(Ry — (Ry))
with, as before,
Ry = Sw*Su™ = #Av% R =347
Fp(Y) = dR[dr = $AF,(X) 97
We set
Yy =Ry, 5% Y=(RS9
Vv =Ry, 8", ¥ =(RSY 98)
We shall come back later to the A variable by a simple Achangerf variable.
1t is sufficient to evaluate (922 for monomials f(Yy) = Ry*(Sy%). We
shall treat explicitly only the case Ry*. Once the mechanism is revealed, the

reader can easily supplement the arguments and the calculations needed for

the general case. )
As a first step we establish an asymptotic development of (Gypx)(Ry")
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with leading term O(V'N). Recalling the form (47) of Gy, we see that it is
a sum of four terms, the first of them involving

> R, oin(®loy™ (99)

We obtain for (99) the following asymptotic development written in terms
of the fluctuation observables:

2[R, oo,
= VN kRS 'By(t) + k(k — DR 2Dy(t) + O(1/VN)  (100)
with
Bt = 3[Ry, oiu(t)loy™ = =Si*(0) 303 obu(0)o, (101)
Du(0) = 5.3 R, oi@lon?Ss™ = =3 55" (1) 3, oba(0)9,°S

(102)

Before proving (100) we note that the remarks (i)~(iii) of Section 3.2 apply
to By(t) and Dy(¢). The By(t) and Dy(¢t) commute with Ry and S° and
can be considered as functions of Yy = Y + P/V'N, or equivalently, of
Yy only. The right-hand side of (100) can therefore be understood as a
C-function in the functional calculus of ¥. In this sense, O(1 /\/]7 ) means
a function of the fluctuation observables that is bounded by some polynomial
(AV'N) S bial Ry|¥ Sy°[".

The proof of the formula (100) is by induction on k. We start with
the following commutator identity:

2 [RE*2, ow(D)]oy
= RN Z [RN ) UJN(t)]"p_
+ 2[Ry, oin(]o,™ Ry + D[Ry, oin][RY*, 0,71 (103)

The second term on the right of (103) is simply VN Ry*By(2).
We can work out [Ry*, ¢,7] into a multiple commutator expansion.
Since any commutator brings a factor 1/V'N, the leading term in this

expansion is

k[Ry, 0,"1R%™Y = (1/VN)o,0Sy kR (104)



620 Emmanuel Buffet and Philippe A. Martin

the rest being also a polynomial in R,. With (104) we see that the last term
of (103) is
2kRE1DE) + O(1/VN)

Taking this and (100) into account in (103) proves (100) by induction.

The operator By(z) which occurs in the first term of (100) is exactly
the quantity (52) that we had to consider to compute the vector field F in
Section 3.2. Once we have obtained developments similar to (100) for all
terms of (47), we can write

(Gupy)(Ry®) = VN kpy(RE'FY) + k(k — Dpu(RE2K3) + O(1/VN)
(105)

The terms 0(\/_]\7) add up to form the R component FiV of the field (for
finite N), and the contributions O(1) give the new contribution K§x.

In estimating the remainder, we use the fact that it is bounded
by a polynomial of fluctuation observables. Hence py(|Ry|*Sy°|) <
[pn(RF(Sy*)?)]*'2 remains bounded as N — o if py has normal fluctuations.

The first term in (105), together with the second term in (92), gives

KVN[KRE FRy — (RE1(FRM] (106)

We introduce now the operator Fgp(Yy), which is obtained by substituting
in the field Fx(Y) the operators 3(Sy* Sy~ + Sy~ Sy™) = Ry — (1)2N)S,°
and S,° in place of the numbers R and S°. The operator Fy(Yy) is a well-
defined operator in the functional calculus of the commuting observables
Ry and S,°.

It is proved in Appendix C that if the correlation functions of the bath
C.(1) and Cy(2) satisfy an exponential decay condition, the following estimate
holds:

Fg¥ — Fa(Yy) = O(1/N) (107)

This allows us to write (106) as
IV NCRS Fo(Yy)y — (REDCF(Yy)] + OQ/VN)  (108)

Using now the relation between intensive observables and fluctuation
observables

Yy = (Yw) + (VN ¥y
and the differentiability of Fx(Y) (Lemma 4 of Appendix C), we have a
limited Taylor expansion

VR E(CH> + o Ta) = VR FCH) + G2 ()

OF, co . 1
+ §STO~(<YN>)SN + 0(\/_7\7)

(109)
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Inserting (109) in (108) and taking into account that by definition (Ry)> =
(Sy® = 0, we find that (108) becomes

oF, . aF, L 1

e (TR + S COMRES + 0(J=)  (110)

The treatment of the second term in (105) is similar: We introduce the
operator Kpz(Yy) associated with the function Kze(Y) = limy_, , {K&> and
have the estimate

KgR - KRR(YN) = O(I/N)
The regularity of Kz; (obtained by similar arguments as for Fy) gives
Kun(Yy) = Kpn(C¥)) + O(L/VN) (111)

In the limit N — oo, {Y) converges to ¥ and we obtain from (92}, (105),
(110), and (111)

d . 4 OF(Y) , . & OF (Y)Y, s .a
2 3R mo = LD R+ D e
+ k(k — DKze(Y)p(R*~?) (112)
Equation (112) is precisely (93) written in terms of the variable ¥ and for
the special choice f(¥) = R~
Finally, we come back to the X variable, noting that

Ry = VN — (A% = KAAy + O(LVN) (113)
Thus in the thermodynamic limit we can set
R=3iAA (114)

and
d . & . d .
Z{; ﬁt(Rk)lz=0 = 1\1{% E_ PNr(RNk(T))]z=O

= 3m@(3) i@+ (5) L@ W)

Transforming (112) according to (114) and (115) gives now exactly (93)
with Kxa(X) = (4/A%)Kzr(Y).

As an example we give the explicit form of the diffusion coefficient
Kan(X) of the gap variable A. Using the semiclassical propagator again, we
find from (102) and the other contributions to K2y

p2C(H)(S)?

2w?

KAA(X ) =

- A2 +-
+C + w)ﬁ—“—)—z(p——wtanhﬁv 2“’)

2 _—
+é(v—w)’2—f)2(y—wtanhﬂwzy)>0 (116)
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5.3. Asymptotic Behavior of Fluctuations

We conclude this section by a brief discussion of the behavior of fluctua-
tions (we treat only the case where X, and X; are the only equilibria).

The asymptotic behavior of the mean square fluctuations (A2,
(892, and (AS®, differs according to the values of the temperature and
the initial value X of the trajectory X{(7). (Remember that by definition
<A>z = <S‘0>1: = 0)

1. We consider first the case where T # T, and X belongs to the basin
of attraction of X, (for T > T,) or X5 (for T < T).

We can replace asymptotically X(r) by X, (X, = X,, T > T,; or
X, = X5, T < T.) in (94) and we get

@, 2%oxy o 223 (X
wm =l o 2w 2w
A$), Ty s T2+ Z3x
<32>z KAA(Xe)
< <8 ) + [ Kessolr) (117)
B8] \Kusox)

The eigenvalues of the above matrix are 2A;, 2X,, and A; + Az, where A;
and A, are the eigenvalues of (DF)(X,) (for T > T, the matrix is diagonal).
We know that A, and A, have negative real parts (see Section 4.1). Therefore,
fluctuations are driven exponentially fast to their thermal equilibrium value.
This is the phenomenon of regression of fluctuations.

2. f T < T, and the initial value of A is zero, X (r) tends to the unstable
equilibrium X,. In this range of temperature A, = (8F,/0A)(X,) is positive
[see Egs. (74)], and (117) gives rise to an exponential blowup of (A2, This
amplification of fluctuations characterizes the instability of the axis A = 0.
One can say heuristically that even small fluctuations suffice to destabilize
the system and create a tendency for the system to get to the stable ordered
phase Xj.

3. If T =T, is critical, then X, is no longer hyperbolic (although
asymptoticaily stable) and we have to expand F,(X) to higher order in A
to find the rate of approach to equilibrium. In the domain of validity of the
time-dependent Ginzburg-Landau theory [A ~ 0, T =~ T,, see Eq. (124),
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Section 6], we have

[% A(7) = —dA¥(r) (118)

L (@2, = —6aM(r) 8%, + Kpa(Xo) (19)

Equation (118) gives the asymptotic behavior
A(r) = O(="17) (120)

This is the typical slowing down that occurs at the critical temperature.

We see in (116) that K ,(Xo) = Kaa(0, —2¢/p) = $C(0) > 0. Since by
(120), A%(7) = O(r~Y), we deduce from (119) that (A2, diverges like O(+)
as = — o0. This divergence is the dynamical manifestation of the fact (well
known from the equilibrium theory) that the fluctuations of the order param-
eter are no longer normally distributed at the critical point.

6. COMPARISON WITH PHENOMENOLOGICAL
DYNAMICAL THEORIES

Since the dynamics of our open BCS model can be exhibited explicitly
and without approximations starting from Hamiltonian mechanics (though
in the weak coupling limit), it is interesting to compare it with the usual
phenomenological dynamical theories. In the thermodynamics of irreversible
processes ®? the time rate of change of the order parameter A is assumed to
be given by

d
dr
where 4 is a kinetic coefficient and $(A) is a suitable thermodynamic poten-
tial. When ¢(A) takes the Ginzburg-Landau form, (121) is referred to as
the time-dependent Ginzburg-Landau theory.®® In a general situation,
A = A(g) is space dependent and the right-hand side of (121) has to be
understood in the sense of functional derivative. Since our BCS model is
strictly mean field, there is clearly in our case no spatial structure and A
is the only relevant order parameter. For the sake of comparison, let us
calculate the Ginzburg-Landau potential ¢(A) corresponding to the model.
#(A) is defined as the free energy associated with the effective Hamiltonian
(35), considered now as a function of A; we have
1 A? 1 Buw(A)

#(A) = B In Tr exp(—BH) = u T -—Eln 2 cosh 5

A= ~%3‘%¢(A), # >0 (121

(122)
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with w(A) = [(2¢)® + p2A2%]Y2, The 4(4) is of course minimum for A =0
or A = As.
The dynamics defined by (121) and (122) is therefore

d . d _ uh tanh[Buw(A)/2]
R L R R s I (ED

If we investigate the motion of A(7) in the neighborhood of the critical tem-
perature, we find that A(z) is very small and it makes sense to expand (123)
in the form

dAjdr = a(B)A — dA® (124)

where the coefficient 4 is taken at B = §,.
We find from (123)

H >0, T<T,
a(f) = -Zg(ptanhﬁe ~ 26){< o ToT
v g (125)
I [l _
A T (2 cosh? Be 1) >0

Equation (124) is the usual simple phenomenological equation describing
the bifurcation of the order parameter. Equations (123) and (124) should
be now compared with our differential system (62).

We remark that in (62) the two variables S° and A evolve in a coupled
way: the rate of change of A(r) depends on the instantaneous value of §°(7).
Moreover, the vector field is not a gradient system, since it can be easily
checked that in general (9/0S%)F, s (9/0A)Fs. There does not exist a
general thermodynamic potential depending on S° and A that gives rise
to (62).

However, we can simplify our system in the neighborhood of the
critical temperature. If 7 is sufficiently close to T,, we see in (74) that
A; < Ay; this means that S°(z) is a much more rapidly relaxing variable than
A(7). In this case S°(r) is a “stable mode” compared to A(r) and could be
eliminated from the equations by invoking the adiabatic elimination prin-
ciple (Ref. 19, Chapter 7). We shall make an even cruder approximation by
assuming that for T ~ T,, S°(r) has already been driven to its equilibrium
value and therefore remains constant in the course of time. When we set

S§%7) = —2¢/p in our equation, we get
4y Tauan @B + 2 s a(d) = 2] d
& 8 = [ Cloton BRI & C-uta) 5] )

(126)

Equation (126) is not exactly identical with (123), but remembering that it
holds only for T~ T, and small A, we can expand it around A = 0 in the
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same manner as for (124). Noticing that w(A) — 2¢ ~ L(pA)?, only the
first term of the brackets in (126) contributes and we find that this expansion
coincides precisely up to A% with (124), provided that we identify the kinetic
coefficient # with 2C(2¢)/p.

Thus, we conclude that our equations reduce to the time dependent
Ginzburg-Landau form (124) for T close to 7, and small A. In other ranges
of temperatures, especially if the relaxation times A;* and A;! are of the
same order of magnitude and if initial values are far from equilibrium, one
has to keep the full differential system (62).

APPENDIX A

In this appendix we show that the set of states of the BCS model with
uncorrelated p modes (i.e., independent spin states) are macroscopic and
have normal fluctuations. This is a simple noncommutative version of the
central limit theorem (in this context see Ref. 34). Consider the product
states

py = @ pp

PeQ

with single spin states

31+ S%p)] S*(p)
_ 2
O AL (AD
The S%(p) are given functions in C°%(Q), |S%(p)| < 1. We first prove that
these states are macroscopic; we have

n
PN(]__I_ S%‘(gi)) = ‘7\7}7; Z 81(p1) -+ gn(Pn){o5}
i=1 D1yeesPr
We separate the above sum into two parts: a sum on py,..., p, with p; two by
two distinct, and the remainder. In the remainder each sum contains at most
N™~! terms. Thus, according to the boundedness of the summand the re-
mainder is O(1/N) and vanishes in the thermodynamic limit. The nonvanishing
term 1s

1”1\7 Z Hgt(P1)<Up,>— [ Zgl(p)S“(p)] +0(1>

PlyeeesPp i
Py distinct

which converges to the monomial II7.; S%(g;) as N — co.
In order to show that py has normal fluctuation, we calculate the limits
of averages of monomials of fluctuation observables.

$1(g2) - Sir(gn)> = Nn,z 2 alp) gl (AD)

.....

with 7,* = 0,% — {(0,% = 6,5 — S§&,; we have {rp%> = 0.
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Let #(n, j) = \Ul-1 €, be a partition of {1, 2,..., n} into j subsets €,".
Each partition determines a subset (¢ ,..., ¢;)» of the n indices p,,..., p, by
identifying the p, with ke %", p = 1, 2,...,j. We can decompose the sum
(A2) into

DI a3

Diyerey Dy i=1 2m,5 (@15, 4P
gz distinct

where the second sum is on all partitions #(n, j) and the third sum runs for
each partition on the associated set of indices ¢; € Q,..., g, € Q, g1 # ¢ #
- % g;. We distinguish the following cases in (A3):

(a) j < n/2. The third sum in (A3) has N7 bounded terms. Their con-
tribution to (A2) is O(N’~™2) and thus vanishes as N — co.
(b) j > n/2. Now Z(n,j) has at least a one-element subset. Then
(rgte- 4oy has certainly a factor {(+§> which is zero.

And if » is even:

(¢) j = n/2 and P(n, n/2) has a one-element subset. These terms are
zero as in (b).
(d) j = n/2 and P(n, nf2) is a partition of {1, 2,..., n} in n/2 pairs.

The sum of all such contributions can be written, up to terms O(1/N),

as
n/2 1

2.1 [ 3 2, gocai-1(P)8ocain( p)ripran-vrgocamy
0 k=1 4

n/2

= Z H (Stp@e=1(g, o 1)) SH(g 2w (A4)
p k=1

The sum runs on all partitions, of {1, 2,..., n} in pairs, i.e., p is a permutation
of 1, 2,..., n such that p(2k — 1) < p(2k) and p(2k — 1) < p(2k + 1).

If n is odd, cases (c) and (d) do not occur, and (A2) converges to zero as
N— . If n is even, the only nonvanishing contribution, given by (A4),
involves correlations (S #1(g,)S%(g.)> of order two, which converge as
N — 0. For instance,

lim ($%(g)$°(g)> = lim + g(PealpKls® — SAPI

- |—1~| fn Epg(PepIL — S%(p)]

We see that for n even the correlation of order n, (A2), converges to the sum
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of the (n — 1)!! products of correlations of order two. Except for the non-
commutativity of fluctuation observables, this structure characterizes
Gaussian averages.

APPENDIX B. POSITIVITY OF L;(x) AND L. (x)
We first show the following facts:

(a) If T > T,, V(X) has the single stationary point X, (which is a
local minimum when T > T.).

(b) If T < T,, V(X) has two stationary points X, and X;; X, is a
saddle point, whereas Xj is a local minimum.

The partial derivatives of V(X) are

aV(X) pd p+ o
oA B At 2w In p—w
(BD)
oV (X) N gt

50 Petrgh .
Notice that these derivatives are continuous at the origin, with
(@V]oA)| =0 = 0 and (&¥]0S°)|x.q = Be. Therefore V(X) is C! in the
open disk | X| < 1.

Recalling that 3 In[(1 + Y)/(1 — Y)] = argth Y, one verifies immedi-
ately that X, (T = T,) and X, and X (T < T,) are zeros of (B1). Conversely,
(8/oAYV(X) vanishes if w =0, or A =0 (with S°# 0), or w = wg. We
have that w = 0 is excluded.® In the two other cases, (9/0S°)V(X) vanishes
if S° = —tanh Be or S§° = —2¢/u, giving X, and X5.

In order to establish that X, and X are local minima of V(X) in the
appropriate range of temperature, we have to show that the second-order
partial derivative matrix is positive definite.

We find
2
%ﬁg X, B tani Be (€ — 5 tanh ﬁe)
v 1 (B2)
SR |x, ~ T tanb®fe = °
eV | _
oA BS°lx

Since (62V/0A?)|x, has the sign of B, — B, X, is a local minimum of ¥ for
T > T,, and a saddle point for I" < T,.

8 Because (8/2S%) V(X) does not vanish at the origin.
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We similarly have

?Ali M p2 A%y
;TV). = der + 8 (B3)
where we have set

The sign of y is found by the following remark:

2
w4 (1 argth8 - B—w)
I I

V= Z)_Sé % 2}1 O=0g
By definition of wg, we know that the function
1 w w
~argth— — B — BS
; arsth B M (B5)

is zero at o = wg. One easily checks that, with 8 > B., (B5) is negative for
0 < w < wy and positive for w > wg, thus implying ¥ > 0; moreover, one
can exclude y = 0, since the derivative of (B5) has only one positive root,
which has to be less than wg because (B5) is zero at the origin. Therefore
y>0forT <T,.

Thus the diagonal elements of the partial derivative matrix and its
determinant Bu® Ag%y/2 are positive, proving (b).

Lemma 3 is proved if we know that X, (for T > T,) and X (for T < T)
are absolute minima of V(X) in . Since V(X) is continuous on the closed
disk [X| < 1, V(X) reaches its absolute minimum either inside the disk or
on its boundary | X| = 1. If V(X) takes its minimum inside the disk, this
must be at X, for T > T,, by (a), or at X for T < T, by (b). Therefore,
the proof is complete if we show

V(X)|IX|=1 > V(Xo) = —lnzcoshﬁf, T > Tc
(B6)

V(X)]le:l > V(Xs) = %E‘ AS2 - 1n2005h§%s T < Tc

In fact V(X)||xj=1 = BeS® — 1p[l — (597 is a function of the single

variable S, which takes its minimum value —B(e?/u + 2p) at S° = —2¢/p.
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Therefore, to have (B6) it is enough to show

2
h(e)sln2coshﬂe—%—%>0, T>T, (B7)

3

12 2 2
g(A)|A=Azln2coshB—” %—€2+Aszl —%~EE—~B—”>O
s 2 W 4
T<T, (BS)

For a fixed 8 < B., consider the function A(¢) of ¢ defined by (B7) in the
interval ¢ < e < p/2 (with tanh B, = 2¢0/u). Since (d/de)h(e) =
B(tanh e — 2¢/p) < 0 in this interval, A(e) is nonincreasing. Therefore,
he) 2 Mp/2) =In(l + e~%) > 0.

For a fixed 8 > 8., consider the function g(A) of A defined by (B8) in
the interval Ay < A < A;. The value A; = [1 — (2¢/p)?]"/2 is the largest
possible equilibrium value of A. The function g(A) is decreasing in this
interval since

75 = {”‘ o (% [(2?) * Az]m)

NERR

for A > As.Hence g(As) > g(A;) = In2cosh(Br/2) — 1By = In(1 + e~44) > 0.

APPENDIX C

We study in more detail the operator F¥ and its relation with the
operator Fp(Yy).

Lemma 4. If [ |C,(¢)|¢* dt < oo, F(X) belongs to C*.

Proof. We see in (32) and (33) that a%(r) and b%(t) (« = +, —, 0) are
C® if w # 0. They are in fact also regular at w = 0. For instance, using (34)
and the fact that ¢%r) is real, we can write

a’(r) = z (cos ywt — Du,® + 1
¥

This form of a°(t) shows clearly that there is no singularity at w = 0. Hence,
according to (56) and (57), the integrand of F(X) is a C*® function of X.
[Alternatively, one can deduce from the Dyson series of the classical propa-
gator that (56) and (57) are entire functions of R and $°.] Since the time
dependence appears in phase factors, the lemma follows. [Jj
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In order to estimate the difference between F¥ and Fg(Yy), it is useful
to introduce an approximate operator solution &,y(f) of the Heisenberg
equation of motion (10). The solution &,,(¢) is defined by the same for-
mulas (31)-(33) as the semiclassical solution, where we replace §% by Sy®
(¢ = 4+, —,0) and w by

wy = u[(Sy%)? + 2(Sy* Sy~ + Sy~ Sy )2 (C1)

In this definition, we make an arbitrary choice of the order of the non-
commuting factors (notice, however, that wy, being proportional to the
length of the total spin angular momentum, commutes with the Sy%). We
denote by F3¥ the operator that is analogous to F" but calculated with the
help of the approximate solution &,y(¢).

Lemma 5. If the bath correlation functions Cy(¢) and Cy(t) are O(e~")
(with y determined below), then

Fg¥ — Fg¥ = O(1/N) (€2)

Proof. 1t is easy to check that &,y(¢) is a solution of (10) up to a term
of order ¢/N, that is

I(d/dt)a,n(t) — iTy(t)Tu(t)| < (Cst)t/N (C3)

Indeed, writing down explicitly the left-hand side of (C3), one sees that it
is identically zero after the permutation of a certain (finite) number of
factors Sy* (¢ = +, —, 0) and exp(iSy°t). All the involved commutators
are O(1/N) or O(¢/{N) in operator norm.

The difference between o,4(¢) and the approximate solution satisfies the
differential equation

S o) = )] = |iTx050(0) = 517200

+ iTp(®)[opn(t) — Fon()]

Since |Ty(2)| < yo is bounded uniformly with respect to N and ¢, this leads
immediately to the estimate

lopn(?) — Gon()]] < Cst(r2/N)e’d (C4)

By the very definition of F¢", (C4) implies (C2) if the hypothesis in the lemma
holds true with some y > y,. I}

In order to compare now F¥ with the classical function Fy(Y), we
consider the operator defined in the functional calculus of the commuting
observables R, and Sy° obtained by replacing S° by S,° and @ by wy, (C1),
in Fp(Y). We denote it by Fg(Yy).
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One sees by inspection that the integrands of Fp¥ and Fy(Yy) differ

again by the order of a finite number of factors whose commutators are
O(1/N) or O(¢/N). Thus

Fy¥ ~ Fa(Yy) = O(1/N) (C5)

The conjunction of (C2) and (C5) gives the desired result (107).

Remark. F5~, Fy, and FR(Yy) can be considered as functions in the

functional calculus of Ry and Sy° Expressions (107), (C2), and (C5) have

to

be understood as pointwise estimates of these functions.
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